Perturbative corrections to General Relativity alter the expressions for both the entropy of black holes and their extremality bounds. We prove a universal relation between the leading corrections to these quantities. The derivation is purely thermodynamic and the result also applies beyond the realm of gravitational systems. In scenarios where the correction to the entropy is positive, our result proves that the perturbations decrease the mass of extremal black holes, when holding all other extensive variables fixed in the comparison. This implies that the extremality relations of a wide class of black holes display Weak Gravity Conjecture-like behavior.
INTRODUCTION
From a high energy physics perspective, General Relativity is a low-energy Effective Field Theory (EFT) of the gravitational sector. Its UV completions generically include additional degrees of freedom whose low-energy signatures are captured by higher-derivative corrections. For macroscopically large black holes, these additional operators perturbatively alter the familiar relationships between the quantities which specify the black hole state and derived properties such as the black hole Hawking temperature, entropy, and extremality bounds.
In this note, we derive a universal relation between the leading corrections to the extremality bounds and to the entropy of generic black holes. Let us write the entropy as S(M, Q) = S 0 (M, Q) + ∆S(M, Q) ,
where M is the energy of the system, Q is a vector containing all remaining extensive parameters which characterize the black hole (e.g., angular momentum, U (1) charges, volume, etc.), S 0 is the unperturbed expression for the entropy, and S is the perturbatively corrected result, such that ∆S(M, Q) is the shift in entropy at fixed M and Q. The energy M will be referred to simply as the "mass" in the following and Q will be referred to as "quantum numbers." For any stable system, there is an extremality bound on the mass of the form
where M > M 0 ext ( Q) is the bound for the unperturbed system and ∆M ext ( Q) is the leading correction. We will then prove the following result, under mild assumptions:
where T 0 (M, Q) is the unperturbed expression for the Hawking temperature. The technical meaning of M ≈ M 0 ext ( Q) is discussed in detail below. The relation (3) is intimately connected to the Weak Gravity Conjecture (WGC) [1] . One facet of the WGC is that the U (1) charge-to-mass ratio of extremally charged black holes should be larger than unity in any gravitational EFT which admits a consistent UV completion. In particular, the WGC posits that black holes support Q/M ≥ 1 at extremality for generic masses and the bound is expected to only approach the classical EinsteinMaxwell extremality result Q/M = 1 in the M → ∞ limit. See [2, 3] for previous EFT-based arguments supporting this version of the conjecture.
The connection between (3) and the WGC is due to the work of [4] (see [5] , also). The authors demonstrate that, under certain assumptions, higher-derivative corrections generate ∆S(M, Q) > 0 for thermodynamically stable black holes. A similar idea was also suggested in [6] . This line of reasoning was applied to the case of a single U (1) charge Q in [4] , where higher-derivative corrections to the classical entropy and extremality bound were computed explicitly and found to obey
where the constant of proportionality is negative. If ∆S > 0, then the single U (1) form of the WGC follows immediately.
The result (3) is a generalization of (4) and it follows that a generic perturbed extremal black hole is less massive than its unperturbed counterpart with the same quantum numbers, if ∆S > 0. This statement is the generalization of having an increased Q/M ratio in the case of multiple non-trivial quantum numbers. Hence, if the ∆S > 0 conjecture of [4] is correct, (3) proves that the extremality curves of a wide class of black hole systems display WGC-like behavior.
The derivation of (3) is purely thermodynamic and is not specific to black holes. Relatedly, the proof has no explicit dependence on such details as the spacetime dimensionality or the matter content of the theory. In a general context, (3) is a relation between the change in the energy of a system at zero temperature and the change in the entropy at fixed extensive variables due to an alteration of the underlying dynamics. While (3) may therefore find interesting applications beyond the regime of black hole physics, in this note we remain focused on gravitational systems. As a check of (3), we explicitly verify the relation in the case of charged, asymptotically anti-de Sitter, four-dimensional black holes. Conventions: We work in Euclidean signature and our curvature conventions are R ρ σµν = ∂ µ Γ ρ νσ + . . . and R σν = R ρ σρν . Natural units are used throughout:
GENERAL ARGUMENT
The argument for (3) follows from considering the effects of perturbative corrections to the free energy of generic thermodynamic systems. This problem was addressed in [7] for the case of spinning, four-dimensional black holes. We first describe the general set up and then discuss the calculation of the correction to the extremality bound followed by the calculation of ∆S.
Consider a thermodynamic system characterized by entropy S and the collection of additional extensive variables Q. In a black hole context, Q may contain, for instance, various angular momenta, U (1) charges, and the "volume" of the black hole in scenarios where the cosmological constant is allowed to fluctuate [8] . Consider the ensemble where a subset of the quantum numbers Q are allowed to fluctuate, i.e., say we split Q into fluctuating variables Q and fixed extensive variables q. Given the energy of the system, M = M (S, Q, q), we construct the thermodynamic potential which arises from Legendre transforming over Q:
where µ are the thermodynamic variables conjugate to Q and
We will simply refer to G as the "free energy" in the following. We assume that the free energy consists of a dominant, zeroth order piece, plus a perturbative correction:
In this note, unperturbed quantities will carry a 0 subscript or superscript and will often be referred to as being "classical." We work to first order in perturbations throughout.
In the specific case of black holes, the free energy (7) is determined by the value of the Euclidean action, denoted by I, evaluated on the Euclideanized solution [9] :
where β = 1/T is the inverse Hawking temperature of the black hole, I is the Euclidean action, g µν = g µν (T, µ, q) is the Euclideanized metric solution parameterized in terms of T , µ, and q, the ellipses represent other possible Euclideanized fields, and the entropy S in (5) is the Wald entropy [10] . A subtraction prescription is typically required to render (8) finite [9, 11, 12] . We are interested in the case where the Euclidean action takes the form
where I 0 is the classical, unperturbed action (e.g., Einstein-Hilbert, Einstein-Maxwell, etc.), and ∆I represents additional operators which only perturbatively correct the systems of interest. The terms in ∆I could represent higher-derivative corrections, extra matter fields, or lower derivative terms such as cosmological constant (as considered in the following section), for example. We only require that the effects of ∆I are appropriately small. The Euclidean solution is also corrected due to the change in the theory, such that g µν = g 0 µν + ∆g µν , with g 0 µν a solution of I 0 . The terms in (7) are
The final line above can only receive a contribution from boundary terms and is expected to vanish if these (and any necessary subtraction prescriptions) are chosen to respect the proper variational principle, essentially by definition, in which case the form of ∆g µν is not required. This fact was explicitly demonstrated in [7] , for the case of asymptotically flat spacetimes and also occurs in the example of the following section. We can derive our main relation (3) from (7) as long as the third law of thermodynamics holds in the form
We begin with the derivation of the perturbed extremality bound. The strategy is to construct M (T, Q) starting from (5) and (6) and take the T → 0 limit of the result to obtain the extremal relation (2) between M and Q:
First, we assume that the final relations in (6) can be solved for µ order-by-order to obtain an expression of the form
The solutions (13) can then be used to write the free energy and the entropy as a function of T and Q alone.
Thus, we have the following expression for the mass of the system as a function of Q and T (5):
The final step is to expand G(T, Q) to linear order in perturbations and a straightforward calculation gives
where the properties of µ(T, Q) were used. Substituting back into (14) and taking the T → 0 limit yields the expression for the corrected extremality bound, M 0 ext ( Q) + ∆M ( Q), and matching the first order perturbations produces the desired result after using (11):
On the other hand, the expression for ∆S(M, Q) follows from a straightforward generalization of the argument given in [7] (see [13] , also), with the ultimate result
where (T, µ) are the values of the thermodynamic variables which correspond to the desired values of (M, Q), that is
where T (M, Q) comes from inverting (14) . The proof is a straightforward exercise in the chain rule and the use of thermodynamic identities. At the order we work to, the factors of ∆G in (16) and (18) would coincide exactly if we evaluated the latter at M = M 0 ext ( Q), but, as discussed in [4, 5] , some care needs to be taken in approaching this area of parameter space. The technical issue is that T has an expansion as
and as M → M 0 ext ( Q), the classical temperature T 0 tends to zero and T is dominated by the perturbative correction ∆T . This behavior was interpreted in [4] as a breakdown of the validity of the perturbative calculation. In the case of black holes, the physical issue is that if M lies at its classical extremal limit, then the perturbative corrections generated by ∆I can potentially cause the metric to develop a naked singularity, in which case (18) would correspond to a calculation performed on a pathological background.
The above concerns can be overcome by taking M to be slightly larger than
in such a way that we can ignore both the ∆T corrections in (18) as well as the difference between the expressions for ∆G in (18) and (16) . The latter condition is accomplished by choosing M such that the two ∆G factors are respectively related by
with M ≈ M 0 ext ( Q) everywhere. In the explicit example considered in the following section, we will see that there is no obstruction in reaching the desired area of parameter space. Assuming that such a choice of M is possible, it follows that (3) holds at lowest order in an expansion in small T 0 (where T 0 > ∆T is also enforced) and that we can replace T and µ in (18) by their unperturbed expressions, at the order we work to.
While the result ∆M ext = −T 0 ∆S has a superficial resemblance to the first law of thermodynamics, there are obvious difficulties in such an interpretation. For instance, the expression has the wrong relative sign, the systems on both sides of the relation have different temperatures, and the ∆'s refer to alterations of the underlying theory, rather than shifts in extensive parameters.
We finally note that a near-horizon metric based explanation for why the shifts to the black hole extremality bound and entropy are related was given in Sec. 6.3 of [4] , which gives a complementary argument for (3) in the restricted case of gravitational systems. Equation (24) in [5] is a special case of (3) evaluated for four-dimensional Kerr-Newman solutions. We have also verified that thermodynamic analysis of [7] gives results in agreement with (3). In the next section, we perform another check of the relation using asymptotically anti-de Sitter black holes.
EXAMPLE: CHARGED BLACK HOLES IN AdS4
As an explicit illustration of our main relation (3), we study the case of extremally charged black holes in a fourdimensional, asymptotically anti-de Sitter (AdS ) spacetime. First, we treat the scenario where the addition of a cosmological constant produces a perturbative correction to small, extremal Reissner-Nordström solutions. Then, additional higher-derivative operators are included in the action and we verify (3) for large, extremal black holes.
The leading order Euclidean action we consider is
with M the spacetime manifold and ∂M its boundary. Above, F 2 = F µν F µν , ℓ is the AdS radius, h ij is the metric induced on ∂M, and K is the trace of extrinsic curvature of ∂M. The action (21) is divergent when evaluated on a solution and we will regulate these divergence as in [14] by subtracting off the action of empty AdS. The divergence could alternatively be treated using holographic counterterms along the lines of [11, 12] , for instance, but we do not pursue this direction here.
The black hole solution of (21) 
where dΩ 2 2 is the standard line element on a two-sphere. There are, of course, more general solutions with nontrivial angular momentum and magnetic charge; see [15] , for instance, for a study of AdS Kerr-Newman thermodynamics in a more general setting. In the language of the preceding section, we are working in the ensemble where the fluctuating quantity Q is the electric charge and the fixed q are the spin and magnetic charge of the black hole, which are chosen to be trivial.
It is straightforward to derive the basic thermodynamic properties of the solution (22). The temperature and entropy of the system are
where r + is the largest solution of Σ(r + ) = 0. The chemical potential µ is determined by the difference between the electric potential at the horizon and infinity which, in this case, gives µ 0 = Q/r + . The free energy has a finite low-T expansion:
The extremality bound reads
Before adding additional operators to (21), we check our main result (3) in the case where M, Q ≪ ℓ such that the addition of a cosmological constant can be viewed as a small perturbation to an asymptotically flat ReissnerNordström solution (RN). For the RN case, M RN ext (Q) = Q and expanding (25) in the desired limit gives
hence the correction to the extremality bound is
The change in entropy, ∆S RN (M, Q), is also easily calculated and found to be
at lowest order in ℓ and up to O(QT 0 (M, Q)) corrections. As discussed, must take M slightly larger than the classical extremal limit, Q, such that the classical contribution to the Hawking temperature dominated over the leading ℓ-dependent correction. Writing T = T RN 0 + ∆T RN , as in (19), and evaluating at M = Q(1 + δ) with δ > 0, the leading terms are
Demanding T
RN 0
≫ ∆T RN while keeping the O(QT 0 ) corrections to (28) small then requires
Since Q ℓ ≪ 1, by assumption, there is no difficulty in satisfying (30). From (26), we can also explicitly see that unless the final inequality in (30) is satisfied, the AdS black hole will have a naked singularity.
Finally, we evaluate ∆S RN (28) at M = Q(1 + δ) and expand to find
Combining (29) and (31), we find
Hence, comparing (27) and (32), we see that (3) is confirmed in the claimed limit. Next, we consider adding the following higherderivative operators to the system:
where the factors of ℓ were introduced for convenience. For simplicity, we have focused on a small set of paritypreserving operators chosen such that that empty AdS with radius ℓ remains a solution of the corrected action and such that no additional boundary terms are required to render the action well-posed. The operators in (33) are the only ones built from F µν alone which non-trivially affect the thermodynamics up to O(F 8 ), due to the fact that all other combinations can be expressed using factors of ǫ µνρσ F µν F ρσ which vanishes on the background (22). The operators in (33) change both the metric and vector potential, but neither correction is needed for the verification of (3). The correction to the vector potential produced by (33) changes the action by a boundary term which vanishes as ∂M is taken to infinity. The correction to the metric also only changes the action by a boundary term and after regulating the result as described above, the result is again trivial as ∂M is taken to infinity, in direct analogy to what was found in [7] .
Therefore, the correction to the free-energy arises from simply evaluating (33) on the zeroth order solution (22) expressed as a function of µ and T using the zeroth order relations between (M, Q) and (µ, T ), giving
Due to the low-T form of (24) and (34), it follows that S(T, µ) approaches a constant as T → 0, as does Q(T, µ), hence the third law condition (11) can be seen to be satisfied.
As a complement to the beginning of this section where small, Q ≪ ℓ extremal black holes were considered, we will focus on the opposite limit of large, Q ≫ ℓ extremal black holes for the remainder of the note. In the classical theory (21), the extremality bound in this limit is 
There is no difficulty in satisfying the above for any natural values of the α i , hence comparing (36) and (37), we see that (3) is once again satisfied.
